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TRIANGLE INE®. D for %y eR -

Lo b+l £ Xl iyl

2. \1-«3[ =z \Xl—l\o\

4 Ix-yvl = | 1xi-m)
5. \7(—9\ z "3\’]"\ } J L

BERNOLLLL INE® . (12" > (+wnx | xz-\, >0

Some vieh| vsults:
“hs3 AL eR, achb, T= (av) v (a,%]) v [ad v [a )
Then  swp T =) w1 =a

)

let AR, BsR be 2 won sets bounded Pom  aboue .
R+B:={ Atb ¢ ae A, LEBY . PR (¢ bounded fom abavt ank
Sup (A$DY = S\/F(PO + fup ().
let A SR -Ai= {-a: ach}

w upper bwed or A & - lowtr bound o -A

A bowded Bom aboe & - A bonded Fom below
= 1 A beunded fom above, b (-A) =-twp (B)

RAQ (e irvariopa| hombers) 15 denre n R ce ij mkevval (o, b) eR
a< b OGntame at leget | wratlonal  number

Aste R B oo Pkt nonempty sek
- e & 3 an meore fwnckon (AR
“IAZ R & 3 a wrevne vathon 2 A B
(F A s a Ooul\r\'\ﬂ\o(tj \”\G'(V\I‘f‘t ek od B ch, fhen B ¢ comntable.
NxN s wmb\? e
Lot K, % be Oow\fau,? pinde sets, AUl u UOMV\\'O\Ufa e
R/®Q 5 vncountadle.
Wk A A be oty it Thom Ut B0 connbally rhncte
[Al=n . [PCAO) ="

The sk of all (nee Wbk & N« mm,\r() NN



CoM PLETENESS

let 0+ @ , SeR. § 15 Yovwded f :
- s owveded Rom veow: J w ER 5t Yx eS8, xzwu
- § e bounded fom dosve : 3 WeR o4 Wxel, xeu

W £ R\ mé R i oo vpper bomd A S rt mem b vppes bowa d
m o S, dhen M(S'l"f\{N[)M\AM'?'S)\e, fwp $ = m )
= Supwwmum = leact vpper Lbound

Wb SCR.IEF e R s o lontr bomd b 8 o1 42t bor ontiy. e loownd + .
e 4 0 oncmlimem ob e mbo-+t.

- wmlmum = greaterd e bwnd.

& § W o maximam ¢ (e se & A Sz Yxef8) Ahen dwp £ = <
(F § has o wmmimem ¢ (re. se A ¢gex ¥xe8) Hdnen mt& = <.

Pxuon of Cowplotoness = Let S# @, R .\ € 1 bownded from oboe fhen
.(\\PS oIt L. f«m\o\rt«J, - 15 bownded Rrom below, wmk § exirls.

Arcimetean  Propect o R oLet xR e W]orb-a(rg, dwne N rt n>x.
L Coro\lou‘\a'» let x>0. 3 nemN ol | <X

Demfv A QR A mbervad (ML), abeR , ach . ntans = |

m\-tonal number . Hence We faq far O 1o demee n R

L Gorollary any nevak (a, o) , a.beR , acb | contans M{"um{‘elj many
rationa numberys.



SEQVENCES
DPkV\, 0’[1 &'vawa" A SeyMMne 1S A Q\N\o(»wr\ whosre doman 15 N |

Cvf\VMO{’MC?/ v(? 4, A seq, (Qw) Comeryes to & reah amber o :ﬂ, fr s eR , 250,
INeEN £t Yn 2N, Ja,- 4] < €
Ls \/f Wy =4xeR:i\x-al <€5 (s he Wf\lthVlM’hbwf"\OOA”# a. ag ® et

OU'HIV\C fror Dmver?&w.e proo@; (tn) — x

-k € 70 e arbivary”

2. omonstrate a oOmwlee for N EN

3. Show that N acually  works

& ‘Ascame nzN "

5 Wdh N well-chogen, o Shonld be ()bt;:la\a o devtve fhe lhz&ua\({j |2t - x| <& -

Uniquentss (rL mds : lek (&) be & Convergemt feq, | 1o o has o bmd. The lmek 15 vaque |,
I-e (e— Le Grdd Ly ae lmds Pe- ) fhen L= Ly,

let (an) Ye & Sy, LeR, (L)) be a movx—mcsa{'l\,{, null ses, IF 3KkeN &%.
VazK  daa-Ll <b, o folloos st Can) oeverges to L.

Al MM9en+ %y, o veal pumbers are bounded .
Y a seq, O S bounded IF I M Y0 st 1% M Y neN.

A\ge\ﬂrm(, Limt Theorem : a:= I (an) . b:= lim (b)) , (Ba) and (b, are co/\verj&v\-(-.
I (0 *bh) — & + b

2. (c-an) — Ca , VCeR

L (an-b) — a-b

4 (0n-b,) — &b

5 o(g) T % prvded thak b#D.

Lmid e g~ order:
Lt () be a c\nwf@w\\' sey. BAkeN YnzK: nz0  trem [mtaw) 20,

Lek (4, Chy) be Gonvergont ey, 6 3keN gnzk: 0 <b, 4o m Can) £ lm (o)
S e Vnz K, < by , wl camwt tmelvde ok (i CANY < LimCh,). Ov\by ftak = .

Let (lon) be o teq , 4 ¢ eR. IF3KewW YnzK: a2 bo<cc, fhen a2 mCbn) = C.

Squwae Theovem : Ler (6n) , Cbpd ., CCad)  be e, £
- AKeW YnZK: 0n € b, ¢ Ca

- (M) ad CCY Gwwenyes,  lim (A = (mCL)

Twen () Covwervjes o i (b)) = lim (2n) = lim CCn).



fome viebd ronbty:

tec 9 i ()= 0 cotec 0 (") dwerqes
hm (pRv) = ©
lec ] - o a0 T (nﬁ)—? | . lec - S::’\\ n — 0

been, (=0
= () > 0, acR

’

AT I Xz 0 ¥y nEN and hm (W) =0 = Im(Jxn) =0
|
(w)—=0

for az!, (7‘4(73 -0 also (&)= 0
p<oa¢l, (a™M—0
-l<a<0O, (a")—0

for 0<act, ")

monstone (o et Lek (A) be a seqpuene-
-k YMeEN: R €& Ay, (A 1 monctone (NCreasing .
“IF VRENG B0z et (A 3 monctre  decRavg .

Mopstone convergence. theorem

I Lk () b jhirading ok bovded from dbore . Thtn (An) convees avd
im (av) = \('M/P{(lv\ : V\eNj

2. Wk Can) be d&tnamug ard  ourded @V"M bdow. Thin Cdn) f;uv\v(,«oo.j ard
Im 4 = mﬂ--{_ Bn: ne N

Euer's numper - o= lim ( |+.'L\.)n = (im( l*‘w)"“

Some uiell results:

.
CRCE () P W ()™ = e (n™) = |
" (e w ) (LR — ¢ (A1) = |
") O+ #2)" > ¢
G = -+ — €
J’\A\ﬂflq/\leﬂ\ua : L&{' V\‘ A /\4 1 e € N J"L. V\‘ < }'\* < ... , GV\A ',e,‘. (Av‘} M R’ Juﬁjmenu’
(Qny = (&a , Bn, 4 -, %0) 12 @ Sl Sen prence A raw)

let () he a (/w\ve\rjevd fequence | [dn) Ve an a/brt-mrg Mbseq (L.
Twen (Xay)  converge! " pnd  Im C¥n) = Jm (X,
W Govollary
Lt (Xn) be a sequance ond  (Xme) , (Xup) Ve w\\/orgcu/\’f b fe f uences,
whore m () 3 hm Oy - Then, (30) dwerges.



webw vesulks:

Svee B3 (law)v e
Bolzano - Weershass Theorem: Eva bounded 4, £ R ha @ oonvw(ﬂw{- Mboreg vences .
Cow\dma feﬂlmc_q,-. A 54, (tn) e Cowc\ma LS Ver o ANEN VYn, m2N & 1xn - Xl < &

Eve,w) DMWGM*' By o Ca.vd/\\j feppenct. } A sen, ol R Cnverges ot ors szubhy.

E\/Cn) Cadcwﬁ feq, Cwveryes.
Eﬂ’/‘a C‘w(b\‘a J\qu s bO\MAeA

Contvanch tve Seq, : A feq, (X 15 called contrachoe f 3 0< Cc<cl 4. VneN:
‘7(.\-&; - Apa |l £ C- ) Anw - XAnl

va? Cnfrackve fef, Coveryes .

Hops 0 btnd Dt or fhw &Avﬂrﬁw&/ﬁ\\v&nj?mc& for o rrne \y Abined (L) -
. Prove b\3 mlcker ¥ Xn he i Some lound

2. (L) 1 ¢ inotasing | deceafing / Cantrackve

Vo vy fheartmS do Show convergena, thew apply lwrt Jiwe o Prd ek

Dlvefgcnce:
- (D d\vugu fo 400, re. m(Xn)y=40 , (F YMeR INEN ¥nzN: Ln> M.
- () dverges fo —e0, 1e. lm (Xn) =-00, Wt YMERINENY NZN: Xn< M.

let (W), (by) be Seq, R, wm(by) =400 . Jf IKeN . Yz K: A Z by, fthen
hm (4 = +0o.

Come  vlefnl veyuwts:

AsT: a7y, ("a) s C‘*"‘“"‘J ©LeC 15 i (W) = +0o
I ChY = -
(X\A) \$ Qa l'(t‘l [ 'K ‘6‘ r“j J\A\a[‘% a7\l ‘,Yln (a\/\) - 400
by o D), O bty I 1+HYT) = oo

T () Crviroes .

Aok - |F (L) ¢ R, () IV\(M.MIV\O ard
wnbownded , then  Iim (X)) = < 0



TorPoLO&Y

A subsek U € R ¢ open IF YxeU, 370 ot Veoxd ¢ U,
B R opem -

O is opem .
Even) opem mterval 16 opem .

F\r\o\’trt&q wnons of open SeAs at opem. 2. i L s on a:b:‘rra\na index fet, wheve
Viel T wc R uopen, then U= U Wi« alro open.

Finde wdersechons of oyen sek A opewn . €. E W, Us, oo, Ua € R o oper
Hren (e Wi < openn.
S nfate nieriethong R opon Seh are ﬂwemk not open.

A et o R s Dpen o c a cwdable unmon & open (oA .

A sworeA A ¢ R ¢ closed if e Gommplermont A ¢ opem
L> R s alto closed (sme RE=0 « open).
S'M'\ar\\j, D 1« also clofed.

Eve/rj chored lerval 'r closed.

Finrte  wnons A Aosed rets ot closed. e 1 f w,u L, Un € R ave cesed
Ahen Uit Wi (s closed .

A(\o(.},,my mtersetkong of cdosed sk ave gloced. Lok T be an o\f‘orkmh} e
fek , Whel : M oclored. Them iQ Ri (e closed.

let AR . We Say that (x) s A IF YneN: e A
L?/\- ASR be cloel GV\A (W) 15 & Cownwv, !‘94/. m A, Then Yim (Xwy= x € A,

let A Apbm} A €ER IS & \oow«do\nﬁ poit d A& vVero:
VeOOY n A £ @ MO V00O nNAS# @
Y ok A oall bouw\db\r«:) pornts o A e called e \aou\v\o\ar\o A A, 3A.

let A ¢£R.

0) K ¢ open dE A fdoel wit contamn any L it \oD\AM\I\r\'\ pornts
re. And =9 & < A = RVA

W A s closed # A contame all £ e \ownd\ma Po\mh re. dASA.

A Rt gequantially compack 1F Y Seqpenen 0D m A, O W & cowergent
SV\‘OJ% va\h) $4. Iim(Xn) € A.
Ly S‘eﬂ,\rw\\'(ﬂ‘\j Oam‘)l)\(,\- & clofed and bownnde.



(‘omtveam\’ﬂ*
~lec lb: T=1T[a,0) , aeR.
= JL=4{a)
Aab] = gla, b) = d(ab] = dLab) = {o, bh

A § 0 O = R s vedher open ner cloged
3Q = R

- Tut 45 3A = YA



LMITS OF FUNCTIONS

lef ceR, ¢ 20 Then V§ (o) = VN (¢ i fhe punthured & neanhbour hood A4 ¢

g=§ defmeton : Lot f:0 c R—R . we ¢ Bt L otc fe Ut of F oar s
F Ve>0 38§>0 Wxed\{eY pt. Ix-c|<§ = lfoo-L|<t
Ve>0 3§50 VYxeD: 0¢ Ix-¢l< § = |Fexy-Lice
: x € Vi = Fe e Vg (L)
Ve>o 3650 ¥xeDn Vifco : fuxy € Vel
¥e>0 3§70 = F(Da V(o) € Ve(U)

([T 1ot

Sequimhion defmrtion: Lot F:D € R> R . We mé at L o1is the ek o F ac x> ¢
¥ Oy m DALY () verger with im (W) = ¢ = i L) = L.

Some  vithtl vtaurs:
Lee N+ FrRoR, x=2x ceR G5 F=2c
L 2t " L
BR\A0Y . x> X ceRMoY W, e &

S&Qwvxhul onteoron v v gastonce de- e UMt trﬁ o [funtkon -

Lr PDLCR>R, ceR.

) 2 feqmemte wvtertov © -3 (), (Va) wn D\ L) o4 Im(B) = m (U =C  ond
both  (FOLD) , ( F(Ua)) Cvwerqe ,  RBUT mCEOMY) F mECAnY) | thon fhe  Imet
A He fanthon £ a5 x> ¢ DNE.

D)\ segune orterwont b 3 DD DNACY et im0 = bue (FOW) dvirged,
Pm Im F a Xsc DNE.

Some weefml rtants:
clec 18+ FRNLO) - R , x v % . A5 b owE.

Dindet funthon © R R Foy= 1 Lk X e & I - DNE .
0 & x e R\Q

let Ve R. A pomt € € R v a it pomt D ik 30w DALY 4. lm (X)) = c.
Apot CED x an 180 lated poynt see D A Ot DN 1t lm (X)) = ¢

let DeR. C ED 15 an (rolnted va\\*pgf D ©& 3e>0: Vg () n DLy = Q)

Vel ¢ PN

ey L D= N, Al pomrs m D e (eo lotved -
2 D= (0. Brey pomk v D v A (mt ponk, and o v 0.
0 v & lmet pomt fmee Wm(w) = O and (R) 1s a req w D
3. D= D23 U40) . D v an isolated ?ouM, all pombs v C1,2) ave |t ponec.



Let D= R, ce R ¢ot. iﬂ,""c F oexieh.
O F c ¢ Imt ‘DO\M' ’e— D, tham I € (¢ umc\wt:) dekesrmined
-e. \c— ,\(}_”‘2 F=L, 9_‘;‘2 =L, , Li=ys
b) \Fc u an wolakd pomt A D, fhem amg a6 R g limedt W@ Fat e

e ¢-§ dekmion and Wha,l Adrar 06 He lmt @ & Fntkion s ey valent .

Alge\omlc bmd Lawe © ek (-,jt DeR>R, € ¢ a lmt pont A- 0. Im b oad
W g exirt. Them:

By B Cheg) = Mmobe g

D oM (fogy = Sl e

) )‘t'.rc [6'33 5 >‘L':\c ’ a‘(!:'c

A YeeR: o (kef) = k- My f

e (F¥xeDd: qe#0 A J5e 9+ 0, then 7'!3‘& 'g' = W/

Squeeze Thevrom: Le¥ £ g, W DR+ R ler ¢ ke almt pout of D
Let Ve D= fexy = 4060 £ Wix), ond g',".:’[, (. i‘.t’t Wo= L.
Thew ,‘g.";& 9 ety and ‘,Li‘,"c 9 = L.

vre ful reaults:

Clee 19 Y k=0

',,':‘0 x an () = 0.



CONTINVITY
Limetodefn : leb F:DER->R , ceD . ¢ oabmwont ar ¢ 1fF I k= Feo.

e 8 dekn - ek FDcR—R, cebd - ¢ ontmvew & ¢ Wk
Ve-0 Af50 ¥xedD: |x-cl<¢f =7\(—c>q-(-ccs\<€~
= Yero 3fro ¥xe Vi a D Flxy e Vg Cfeo)

= Vero 3820 FCVveonDdD) € Ve (FLo).

Jequntial dofu: Lot E-DSR=>R, ceD s tmhwpow o ¢ 1f
VOuY) m D udh W)= ¢, i Wdr ot I CEOGWY) = feo .

ANV 3 A dheee defvs ane 2 uvalent .

SU\}/M\'\U«I crteron  foe dlSwV\f'Vl\)r&ai Lot F:DeR-®R, ceD I 3Cxtn) m D widl
I (w) = ¢ suehh flat ¢

A (FouY) dverges , &R

©) (GOW) converges  buk [m Cfxny) # feo,

thim 0 disontwvonws ab C.

Al gelo e Covx‘hvwr%? Thegeem = L& n: DER->R. ceD. @,3 wnt mvous  oF ¢. Then:
) (;—*3 Conkiiwvous O C

V) 9-5 Conbinmous o €

) Yee R« k- b cont. a-c.

) f)‘g k. A+ c

&) I YxeD, 400 £0 ; Hum -% bt ab c.

W FA-R y: B~ R . A 8. Lot ce A, gi= bcod . Let £ be okt ot ¢ Ao
9 owt ar d.  Twen ﬂ'f-:A-’W\ € tont ot c.

Jom¢,  ureful vepu s

CTue We x = Ix 10 ontmvouws o Ro
X = 31-; IS Gontinyows ow R
X + X U mabmvow  on R

CONTINVITY « TorPorLO&KY
Lt D R>R rt. [ i antmuoml ak oM ¢ & D. Them, [ 15 enb s D,

Pretomation W owpackness : Lot F-D € R - R Jo cantmvour. Lok A €D be compath,
1e e clored and bounded . Them Ha) 15 omp Atk

AeR v cwpark & AER apadialy ompad
< nvte Ak Hhs holds o gemeral Fe R it wet for o cpaces ey, mebric gpace



Extreme Valve Theorem: Led D& R he COM»¥“-U" od & D> R L& toatmvous.
Them b har bobh on abrowe wmax od  an Obpolole min n D

Localizobion o voots: Lok a b e R, o¢b ad lob £ La b] =R coumbionr ot
Floo ad £ Yave opposite fgns e kwy>0 A <0 orn Hay<co a FCL)>o0.
Then Jcelaw) gt. Ho= 0.

ntermedite, Valve Theovem: Let a, b € R, acb ad let £:Lab) > R Lo nhunvont.
Lok d e R, berween Ha) ad B e o ¢ d< B or Hays A5 vy,
Then 3 € € (a, & wi, Ho = 4.

Prevevation of nbervalr: Let T € R be an wmterval gud leb b: T =2 R be cnbwvouc.
Twen FCIY) (¢ an wirerval.

Note that while conhnvous maps pruwve wervall , ﬁWa o wot V\eccf.(am\n preferve
Fhe e o rerunl (e ke boundednedt, opevuneds  ehe)

UN\FORM CONTINVITY

A fwtkion T:DER>R 1 cad 4o e Vn\"OrM\\o conkivous. o D 1f -
Ve»o 3850 Vr,ueD: \x-ul¢e§ =5 [kex)-Fw\ <t

Sequenhal orderon for dbsmee £ wuform c,ovx\-mwbé‘- Lk F:DeR-R.
G— 1€ ot umf Cont. F 3e70 ad a §¢4, (Ln) n D st lm(Muw-u= 0
Avp YneN: ) o - Ll = €.

vithw vAutts:
“leg 2L X = wnf ot on (a,a), aso.
Xt W wb pnr. an [0, ©
x > 0T umk ot on (9,13
x> X wmb k. on La, ) , a>o,
“lee2d: oL e PO ol tar. on L9, )

Ummag © Y, u e R, xzuwzp: Jx-JW 2 [

Algerme Lorys for wal caat: Lok G-'ﬂ be wub. tonk. Then:

o) G—*ﬁ W Gant

v -y I

O VkePR: k- omb ot

VO\’ACW\RWW‘)M» ber A= R be cont. Then F o waif cont.

lek AC R W compart . Lek &, 4 A= R be wik cont. Then By ownb oot



UPSCHITZ coNTINVITY

Lt FDeR—R. [ ¢ called Llpfdnri'z or Ltz cont. & k>0 ¢+t
Y. wed @ JF- Hw) € K- (x-ul,

2g. X = " g Lplhdz  on -a,a) , a>o0
x> X e bpratz o Loy ), a>0

let 6:DER =R be Lipintz. Then 1 alfo uaf oot Cowk v continvonr) .

L\Psw\rkz it = wnlb cot = ot Bt ponvesre does not hold.



